The nonlinear transfer of energy among modes of different frequencies on a vibrating string is investigated both theoretically and experimentally. The nonlinearity is associated with the wellknown variation of string tension caused by the vibration modes, but it is essential that at least one of the end supports has finite mechanical admittance if there is to be any mode coupling. If the nonrigid bridge support has zero admittance in a direction parallel to the string, the coupling is of third order in the mode amplitudes. For a more realistic model in which the string changes direction as it passes over a bridge of finite admittance there are additional coupling terms of second order. The first mechanism gives driving terms of frequency 2(.o, ___ ro,• where to, and are, respectively, the angular frequencies of the nth and ruth modes present on the string, while the second mechanism gives driving terms of angular frequencies 2w, and 2to,,. Analysis shows that modes absent from the initial excitation of the string can be driven to appreciable amplitude by these mechanisms, reaching their maximum amplitude after a time typically of order 0.1 s. Modes that are in nearly harmonic frequency relationship behave simply but coupling of modes that are appreciably inharmonic may give rise to rapid amplitude fluctuations. A simple experiment with a wire deflected by a bridge of elastic cord and plucked so as to eliminate a particular mode from the initial excitation provided general semiquantitative confirmation of the theoretical predictions.
INTRODUCTION
It is well known from the standard analysis of the motion of stretched strings • that they can be excited in such a way that particular modes have zero amplitude. Thus, for example, for the case of an ideal string stretched between rigid supports, in which situation all the modes are harmonics of the fundamental, the nth harmonic and all its multiples mn (rn = 1,2,3,..) are absent if the string is excited by plucking or striking it at a point 1/n of its length from one end.
These conclusions are modified only in detail if the theory is extended to include the stiffness of a real string or the incomplete rigidity of real end supports, both of which make the modes of a real string slightly inharmonic. 2'3 It is always possible, according to the standard linear theory, to eliminate a particular mode from the motion by applying the excitation at one of the nodes of that mode or, more generally, in such a distribution that the excitation function is orthogonal to the mode shape function.
It comes as something of a surprise, therefore, to find that in practical cases, for example in musical instruments with plucked or hammered strings, these modes are not actually absent from the motion. Rather, they typically begin with near-zero amplitude, rise to a peak after a time of the order of 0.1 s, and then decay.
It is the purpose of the present paper to investigate this phenomenon, in an appropriately idealized situation, both theoretically and experimentally. We shall find that the explanation and its quantitative treatment are both relatively straightforward and give insight into a variety of more complex vibration processes. ' • Present address: Institute of Physical Sciences, CSIRO, Limestone Avenue. Canberra, Australia.
I. THEORY FOR AN IDEALIZED BRIDGE
It is clear from quite general considerations that the phenomena described can result only from the operation of nonlinear mechanisms. In a linear system the normal modes are uncoupled and, in the presence of viscous damping forces, each mode will simply decay with its own characteristic lifetime.
The stretched string, like most other physical systems, is linear to only a first approximation; the major cause of nonlinearity is the fact that any small transverse displacement of the string makes a second-order change in its length, and therefore in its tension. This has long been recognized, and Cartier 4 has given a detailed solution for the steady motion of a string with rigid supports. A more recent discussion from a different viewpoin t has been given by Murthy and Ramakrishnafi These treatments, however, do not give any immediate help in solving the present problem. Instead it rufus out to be more appropriate to start again from first principles and to construct the solution to the rather more general nonlinear problem in which the supports are not completely rigid, maintaining only the amount of rigor that is essential.
Consider the string shown in Fig. l{a) . It is stretched with tension T between two supports, one at x = 0 which is rigid and one at x = L which is rigid in the x direction but which has a mechanical admittan ,ce {velocity/force} equal to Ys{to) in the y direction at angular frequency to. Such an arrangement is somewhat analogous to that of a string on a piano, harpsichord, or guitar, the compliant support being the bridge that is attached to the soundboard. There are, however, important differences between this idealized situa- bridge such as shown in Fig. 1 (b) . We will return to this point later.
If we assume, as is usually true in practice, that the tension is low enough such that the velocity of transverse waves on the string is very much less than that of longitudinal waves, •'6 then the tension T can be taken as uniform along the string, and the displacement y, assumed to lie in a single plane as is appropriate for our experiment to be'de- 
Finite stiffness of the string raises all angular frequencies co.o n and introduces further inharmonicity. 2 But since this effect is both small and nearly independent of amplitude, in the interest of algebraic simplicity we ignore it in our discussion.
The fundamental nonlinearity arises because of the second-order change in the length of the string with vibration amplitude. This length increase is given by a = 1 + / J -L
so that the tension becomes
where E is the Young's modulus of the string material and $ is the string's cross-sectional area. Inserting a sumy = • y. of the form (2) into ( We conclude that the mode conversion effects that we wish to understand should be absent from a string supported between two rigid bridges. We therefore turn to the case in which the admittance Ye (co) ofthe support at x = L is finite.
In the linear approximation, the termination condition at the nonrigid support is just
It would be possible to apply this condition without restriction to the lossy string described by Eq. (1), but it helps the clarity of the argument and is also adequate for our practical purposes to make some simplifying assumptions. The first of these is that the bridge admittance Ys (co) is always small compared with the characteristic admittance l/pc of the string, so that the bridge is nearly a node for the string motion. The second is that the energy losses in the system can be partitioned between those at the bridge, giving decay time For the more general nonlinear problem to which we now turn, the force on the compliant bridge is, to sufficient accuracy from (2} and {6), 
. 
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There is an equation of this form for each of the modesp. In cases of practical interest, the damping is small so that •'e ß 1/w• and the resonances are so narrow that only those terms in F(t ) with frequencies very close to Wp need to be considered. We note, incidentally, that the forcing term involvingF(t )is proportional to the bridge admittance Ys, and so vanishes for a string supported on rigid bridges, in agreement with our earlier discussion.
II. FIRST-ORDER SOLUTION
The differential equation ( 
2) Another conclusion that follows from the general form of(30) is that not all modes can be driven by this mechanism but only those for which p = 12n +_ m [. In particular if the modes are essentially harmonic and the string is plucked near its center so that no even modes are excited, then the mechanism cannot provide subsequent excitation of any of these even modes.
III. THEORY FOR A REALISTIC BRIDGE
The idealized bridge shown in Fig. l(a) and considered in our theory above differs significantly from the more realistic bridge shown in Fig. l(b) . For the realistic bridge structure, it is an adequate approximation for our present purpose to assume that the bridge itself is quite compliant in a direction parallel to the string, with the necessary longitudinal rigidity being provided by the short angled length of string between it and the hitch-pin. We can then assume that the tension T of the string is the same throughout its whole length.
The analysis of the previous section still applies to this structure, with the admittance Y• being interpreted as applying to the transverse behavior of the bridge and string tail together. However, as we shall see in a moment, there is also a further nonlinearity of second rather than third order which can dominate the behavior in certain cases.
Suppose that the bridge is in equilibrium under tension T O and that this tension. is increased to the value T by the mechanism leading to Eq. 
where the detailed form of//;•, is given by the algebra, and the only slowly varying terms are those for which p = 2n. In summary we note that this nonlinearity can drive only even modes, that it behaves as the square rather than the cube of the initial excitation amplitude, and that its coupling magnitude is proportional to sin •p, where •p is the bending angle of the string as it passes over the bridge. vibration modes. The modes were isolated by feeding the signal through a digital filter (Bruel and Kjaer type 1623} with a bandwidth of 12% or 24%, thus giving an adequately short rise time, and were displayed on a storage oscilloscope. The relative response of the system to different modes was easily calculated and this calibration was checked and made absolute by plucking the string through a well-defined displacement.
The first check of theory for rigid bridges was performed by plucking the string to a displacement of about 3 mm at one-third of its length, giving large amplitudes to modes I and 2 and a carefully defined near-zero amplitude to mode 3. No subsequent increase in the amplitude of mode 3 was observed, in agreement with theoretical prediction. A similar confirmatory null result was found for mode 2 when the string was plucked at its center.
A compliant bridge was constructed by looping a thin, cotton wrapped elastic cord over the wire and securing it to a lower support as shown in Fig. 2 When the records were replayed for analysis, the modes initially excited were found to decay more or less exponentially with time, while the unexcited modes grew from near zero to a maximum in a time of order O. 1 s and then decayed slowly to zero. A typical trace is shown in Fig. 3 . To analyze these results, the peak amplitude reached by the missing mode and the time delay to this peak were both plotted as functions of the inital fundamental mode amplitude a?, also derived from the recording. These measurements are shown in Fig. 4 for the second mode and in Fig. 5 for the third mode.
Comparison with theory must await the discussion of the next section, but we see immediately that the peak amplitude of the "missing" mode, though substantially less than the initial amplitude of the fundamental, is of quite signifi- either geometry or string tension, and the agreement with calculation was found to be good. The frequencies of the first three modes are harmonically related to a good approximation.
Experiments showed that the insertion of a small rubbet pad at the remote end of the string tail made little difference to observed decay times, while the decay time for the string with its compliant bridge is about half that for the same string supported between two rigid bridges. Since the end correction 6 is not very sensitive to the exact value of•',' it is adequate to assume r• = r•' = 2r, for all n. Use of Eq.
(1) together with measured •' values and compliances for the complete bridge structure allowed two values, respectively, of order 10 -2 and 10 • N m-1 s, for the effective resistance R in series with the bridge compliance. The smaller value is supported by the relatively large value of•J referred to above. An independent measurement of the mechanical admittance of a similar stretched piece of the same elastic cord using a Bruel and Kjaer type 8001 impedance head gave an etfective series resistance of a few times 10 -3 N m-] s at 100 Hz, confirming the lower resistance value. This resistance was found to increase with increasing vibration amplitude, an effect which is shown also by the resistance deduced from the r values, as we shall discuss again below.
To calculate approximately the frequency variation of the bridge admittance Ys, an analog model of the form shown in Fig. 6 ing term --a n/•'n in (23) and (30) which accounts for the free decay of mode p. This linear approximation may indeed be adequate in some practical situations, but measurements of the free decay of modes excited singly in our experimental arrangement showed that the time constant q'n depended signitieantly upon mode amplitude at, with •'n decreasing considerably for large a r. Such an effect is indeed expected for the viscous drag exerted on the string by the surrounding air, since the Reynolds number for our vibrating string lay typically in the range 10 to 100, which is just the range over which the drag for steady flow past a cylinder changes from linear to quadratic. 9 In our ease,. however, much of the damping is caused by the bridge structure, for which quite different considerations apply. Nevertheless, the form of equation suggested by the air-damping analogy, namely r•-' = a n + yea n
was found to fit the data quite adequately, with a n and Yn as experimentally determined constants.
Clearly withseveral modes present on the string simultaneously, as in the experimental plucked situation, we would expect interaction terms in the damping. This was confirmed by examining the decay of a particular mode when the string was plucked rather tha•n excited only in that mode. The experimental results are adequately approximated by the obvious generalization
•'•-•.
•ap + ypa n + rp.a.,
n•p where only the one or two most important terms are included in the summation. Experimental values for the relevant a and y parameters for our particular experimental arrangement are given in Table I . For the purpose of our numerical solutions, the form (36) was simply inserted into (9) and (10), using the analog circuit of Fig. 6 , to determine the to, and hence Atop at each instant, and then into (30) or (32) for numerical integration to plot the behavior of the missing mode amplitude a n . The averaged nature of the expression (36) does not justify any more detailed treatment.
In Fig. 7 we show the calculated behavior of the third mode amplitude, when the string is plucked so as to make its initial value zero, for the particular string and bridge configuration used in our experiments. The calculated behavior of the second mode when it is initially unexcited is very similar. Clearly the general predictions of the theory are qualitatively similar to the experimental behavior shown in Fig. 3 . It is thus apparent that, while the theory can account for the observed phenomena in a general way, it is only in semi-quantitative agreement with experiment. The most likely explanation for the residual disagreements is the failure of our experimental setup to provide an adequate approximation to the idealized situation assumed for the theoretical analysis. This applies in particular to the behavior of the bridge admittance. It seems unlikely that the higher order nonlinear terms omitted from the analysis could be large enough to influence the calculated results significantly, although a more careful treatment of mode serf-interaction and its associated frequency shifts s may be necessary.
As a final observation we remark that, when there is appreciable inharmonicity in the string mode frequencies, whether from string stiffness or the complexity of the bridge admittance or other causes, it is possible to have much more complex behavior than we have studied here. This can be seen explicitly in the case of mode 3 which, from (12) or (23), can be driven by mode 1 at a frequency 3•o• or by modes 1 and 2 in combination at a frequency 2to2-to v If these frequencies are not the same, then beatlike behavior ensues. This was easily observed in our mode 3 experiment by fixing a mass of a few tenths of a gram to the midpoint of the string so as to lower the frequency of mode 1 while leaving the mode 2 frequency unchanged.
The nonlinearities we have discussed also serve to couple in the same ways the modes that are actually excited on the string, so that they exchange energy and, if they are not ideally harmonic, fluctuate in amplitude.
VI. CONCLUSIONS
We have examined theoretically the nonlinear generation of missing modes on vibrating strings and have confirreed the predictions of the theory at least semi-quantitatively by experiment. The phenomenon has been shown to be confined to situations in which at least one of the bridges supporting the string has a nonzero mechanical admittance. This is, of course, the situation of practical importance in musical instruments.
Two different situations emerge from the analysis. If the nonrigid bridge has zero admittance parallel to the string length and if the string is fixed simply to it, then the only nonlinear processes tending to mix modes or to generate missing modes are of third order. On the other hand, if the bridge is a nonrigid support over which the string passes at an angle, as in many musical instruments, then there is an additional second-order nonlinearity which provides driving forces at frequencies that are twice those of any modes present on the string.
These nonlinearities, as well as generating appreciable amplitudes for modes initially not excited on the string, also serve to couple modes that are excited. In the practically important case in which mode frequencies are not in exact harmonic relationship, these couplings contribute fiuctuations in the amplitudes of all the modes which undoubtedly influence to some extent the auditory perception of the sound produced.
